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We show that the thermal partition functions of all of the string theories obey thermal duality
relations with self-dual Hagedorn temperature β2H=4pi
2α′. We nd only two stable and tachyon-free
thermal superstrings in d=9 with gauge groups O(16)×O(16) and E8. A β→β2H/β transformation
maps the type I theory into a new string theory (type ~I) with thermal Dpbranes, spatial hypersur-
faces supporting a p-dimensional nite temperature non-abelian Higgs-gauge theory for p≤9. We
demonstrate a second-order phase transition in the behavior of the static heavy quark-antiquark
potential for small separations, r2∗<<α
′, transitioning through a precise inverse power law at critical
temperature Tc=THr∗/(2α′)1/2pi.
In this letter, we revisit the thermal behavior of the dierent superstring theories [1{3] in light of new insights
provided by the web of strong-weak coupling dualities in String/M theory [4]. One key result establishes that the
single string partition functions of all of the string theories obey thermal duality relations. A second key result
shows that the uv nite non-abelian gauge theories embedded in renormalizable string theories exhibit second-order
deconnement phase transitions at nite temperature [5,6], a possibility anticipated in [7]. Further details and
additional results appear in a forthcoming long paper.
We begin by clarifying the exact low-high temperature duality of the thermal partition function of a closed string
theory. We follow a suggestion of [3]: the thermal partition function of a eld or string theory can be interpreted as
the orbifold, Rd/Gt, where Gt is the continuous group of time translations. Notice that \time reversal invariance" has
no natural physical analog within the thermal prescription. We single out the Z2 subgroup, X0!−X0, compactifying
on S1/Z2 where X0 is a circle of circumference β=1/T . This distinction between orbifold and circle eld theories is a
moot point in the decoupling limit: the untwisted sector of eld theory on S1/Z2 with infrared cuto small compared
to the mass of the lowest-lying \Kaluza-Klein" state is simply the zero momentum spectrum, leading naturally to
the degrees of freedom of a eld theory in one lower dimension. Not so for strings: the twisted sectors of the orbifold
provide additional winding modes corresponding to strings wrapped around the Euclidean time direction, and the
massive spectrum, with lowest-lying masses of order the string scale, 1/α01/2, contains both \Kaluza-Klein" and
winding modes. Taking α0 to zero decouples the massive states as before but the lowest lying winding modes can, and
do, remain in the massless spectrum at specic β [4]. Thus, a thermal string theory in d dimensions is a d dimensional
string theory [2,3]. More precisely, it is an orbifold string theory which exhibits thermal duality.
Thermal duality is most easily demonstrated for the closed bosonic string. Consider the thermal partition function,
Zbos., of the critical bosonic closed string which, from the discussion above, is to be identied with the free energy of
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where q=e2piiτ , pL(R)= 2pinβ  wβ4piα′ , and n, w, label, respectively, momentum and winding modes of the string in
the thermal direction. The w=n=0 contribution to F is the vacuum cosmological constant. F is the fundamental
domain of the torus [4] and the Jacobi theta functions, i(0, τ), sum over the β independent twisted states of the
orbifold. The integration over τ1 imposes the level matching constraint, L0=L0: for a modular invariant spectrum,
the τ1 integral can be simply eliminated in Eq. (1) by simultaneously imposing level-matching on the integrand. The
result is interpreted as the partition function: an expansion in integer powers of qq=e−4piτ2, the coecient of the nth
term giving the number of physical closed string states at mass level n. The asymptotic contribution of the partition
function may be resummed using its invariance under the modular transformation, τ!−1/τ . Ignoring the twisted
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sectors for the moment, the leading term resulting from the resummation is of order e4pi/τ2, which can be expressed








2piτ2) corrections, from which we infer the mass density, n(M)=e4piα
′1/2M . As is well-known, the closed
string partition function displays a Hagedorn transition at a characteristic temperature, 1/4piα01/2, where the integrand
in Eq. (2) starts to diverge [1,4], a divergence clearly distinguishable from the infrared divergence due to the tachyon
with mass M2=−1/α0.
Notice that the exact thermal partition function of the closed bosonic string is invariant under the duality trans-
formation, β!4pi2α0/β, simultaneously interchanging the dummy indices, w!n, as can be shown by a Poisson
resummation of Eq. (1). We emphasize that thermal duality arises as a simple consequence of the underlying Lorentz
invariance of string theory, together with its invariance under an R!α0/R spatial duality [4]. Recall that the partition
function of the compact boson at temperature, 1/4piα01/2, or radius, 2α01/2, precisely equals the partition function of
the Z2 orbifold at a different radius, α01/2 [8,4]. Thus, we identify the transition temperature of the orbifold, βH , with
the radius at the self-dual point of the orbifold [8]: RH=α01/2, and β2H=4pi
2α0. Unlike the circle theory, the Hagedorn
temperature of the orbifold coincides with the self-dual temperature.
We note here that S1/Z2 coincides with the continuum limit of the critical 2d anisotropic Ashkin-Teller model [9],
roughly identifying our β with the coupling λ in [9], where −1λ<1, a measure of the thermal exponent of the spin
model at xed inverse temperature [8]. The S1/Z2 partition function at any β displays a Kramers-Wannier low-high










where F=f(T )+ρ0, ρ0 is the one-loop cosmological constant, and f(T ) is the thermal energy on the strip obtained
by summing over contributions from the w,n 6=0 modes in the closed string spectrum [4]. An important consequence
is the high temperature behavior, reminiscent of a 2d eld theory and interpreted as evidence for a reduction in the




ρ0, where we note, from Eq. (1), that
the thermal contribution to the single string spectrum, f(T ), vanishes in the limit T!1 [4].
In nite temperature fermionic eld theories, quantization proceeds subject to the requirement that spacetime boson
modes are periodic under translations,X0!X0+wβ, w2Z, whereas spacetime fermion modes transform with the phase
factor, (−1)w, in the w-winding sector. Note that the world-sheet theory must sum over both antiperiodic and periodic
sectors for world-sheet fermions. Thermal boundary conditions are imposed on the type II string by compactifying
on R9S1/Z2, where the super Z2-orbifold group is RtSδ [10]: the super-ane orbifold, Sδ=(−1)FSe2piiδ, with shift-
vector, δ, given by 2piα01/2δ= 12 (β,−β), and (−1)FS acting as (+1) on the NS-NS sector and (−1) on the NS-R sector.
This is followed by time-reversal, Rt, acting as X0!−X0, ψ0!−ψ0. In order to recover the zero temperature limit
correctly FS must act on all 8 fermions identically, namely, as spacetime fermion number. The critical radius of the
super-orbifold is RH=α01/2, giving identical βH as in the bosonic string. However, the s-orbifold critical line intersects
that of the compactied boson at radius (2α0)1/2, the free Fermi point with an enlarged SO(3) symmetry [10]. This
corresponds to the temperature 1/(8pi2α0)1/2, at which the partition function of the type II string on R9S1 starts
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The β independent Rt twisted sectors are denoted ZRt . The sum over thermal modes in Eq. (1) is denoted Γ(β),
where Γ implies restriction to n22Z(2Z + 1), and Γδ the shift: w!w+ 12 [10]. Γ+, Γ−δ , are invariant, while Γ− and
Γ+δ are interchanged under β!β2H/β. Thus, the s-orbifold partition function exhibits thermal duality as before with
β2H=4pi
2α0. Analogous results hold for either heterotic string on the s-orbifold R9S1/Z2.
The appearance of a tachyon instability at generic temperatures in the superstring thermal partition function is a
signal that flat spacetime with vanishing background elds is an unstable vacuum of a weakly-coupled superstring [11].
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However, even in flat spacetimes, both the heterotic and type II strings permit a rich spectrum of background gauge
elds, perturbative and nonperturbative [12,4]. The generic background is a curved space. Flat and tachyon-free
thermal vacua are easily demonstrated in the heterotic string, where the necessary backgrounds are perturbative.
Consider compactifying either E8E8 or SO(32) heterotic string on R8S1S1/Z2. The (18, 2)-dimensional lat-
tice, (qI , α01/2pL;α01/2pR), can be parameterized as shown in [12,4]. Setting G99=1, B09=0, and choosing Wilson
lines, R9AI9=(1, 0
7, 1, 07), and R9AI9=((
1
2 )
8, 08), respectively, in the E8E8 and SO(32) theories, gives the thermal
O(16)O(16) heterotic string theory [13,4]. The thermal E8E8 and SO(32) heterotic string theories are continu-
ously connected in nine dimensions and, moreover, they flow to a unique stable and tachyon-free thermal background
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Note that a stable and tachyon-free thermal theory with gauge group E8 in a distinct topological class from these
theories [15] can be obtained by modding out by the outer automorphism that exchanges the two E8 lattices, while
implementing RtSδ.
It is natural to wonder how thermal duality manifests itself in a string theory with both open and closed string
sectors. Open strings cannot wind in the compact Euclidean time-like direction, but a β!4pi2α0/β duality transfor-
mation maps the SO(32) type IB theory into a closed string theory dened on S1/Z2R9 with 32 thermal D9branes
located at ~X0=0, where ~X0 is the dual thermal coordinate. The interval runs in the thermal direction. We will refer
to this theory as the type ~I string, not to be confused with the type I0 string. Ordinarily, the worldvolume of a Dp-
brane resulting from 9−p spatial T-dualities is (p, 1)-dimensional [4]; a thermal Dpbrane is a p-dimensional Euclidean
hypersurface. The quantized spectrum of momentum modes in the IB theory: k0=n/β, n2Z, maps into a quantized
spectrum of thermal winding modes in the dual theory: ~k0=wβ/α0, w2Z. Localized on the p-dimensional spatial hy-
persurface are the restricted degrees of freedom associated with a Yang-Mills gauge eld in a physical (A0=0) gauge.
Notice that this is natural given the equality in nite temperature gauge theory of the Euclidean path integral with
tr e−βH as evaluated in a physical gauge [14]. An ordinary Dbrane fluctuates due to the coupling of open and closed
string sectors; the thermal Dpbrane fluctuates in the transverse 9−p spatial Dirichlet directions. From the viewpoint
of the low energy theory on the worldvolume, the collective coordinates for small fluctuations now correspond to scalar
modes in a nite temperature Higgs-Yang-Mills eld theory in p dimensions.
Consider compactifying the I0 theory with 8 D8branes (plus images) at the orientifold planes, X90=0, piR9, on
R8S10/Z2S1/Z2. This corresponds to turning on the background eld, −2piR9A9=((1)8, 08), in the thermal IB

























where q=e−2pil, p0=2npi/β, and N=8. ZΩ,Rt in Eq. (6) denotes the unoriented, and Rt-twisted sector, contributions.
The rst of the relative signs in the square brackets ensures absence of the tachyon, the second breaks supersymmetry
[17]. ZI′ is not invariant under thermal duality. Instead, taking β!β2H/β maps Eq. (6) into the partition function of
the dual ~I0 theory with 8 thermal D8branes (plus images) at ~X0=0, replacing the summation over momentum modes
by a summation over thermal winding modes. Eq. (3) can be adapted for open strings, the two sides of the equation
now referring to the partition functions of distinct theories, I0 and ~I0. Thus, T~I=(T
2
HI/TI), the temperature measured
in the dual ~I0 string theory. Eq. (6) describes the stable and tachyon-free thermal O(16)O(16) string. Alternatively,
introduce a wrapped Dstring in the X9 direction in the presence of a half-integer quantized background B89 eld
in the O(32) IB string [15], giving the stable and tachyon-free thermal E8 theory. Its strong coupling dual is the
thermal E8 CHL heterotic orbifold. Thus, thermal duality links the low and high temperature behaviors of stable
string theories both at zero, and at innite, string (gauge) coupling.
Given our results, it is natural to ask whether it is possible to observe a phase transition separating the conning
(low T) and deconning (high T) regimes of the nonabelian gauge theories embedded in thermal string theories. An
order parameter signaling the breaking of the center of the gauge group at the deconnement transition in nite
temperature gauge theory is the expectation value of a temporal Wilson loop [5,6]. In arguments based on very
general principles, it was shown in [7] that if the deconning phase transition in a gauge theory is second-order, the
heavy quark potential must take the scale-invariant form, VQ Q=−C/R, where C is a constant, independent of the
3
spacetime dimensionality of the gauge theory. Using open string path integral techniques [16,17], the development of
which were motivated in part by this conjecture, we will show that both of these expectations prove to be correct for
the uv nite gauge theories embedded in renormalizable string theories.
Consider a pair of Wilson loops lying in a D8brane stack, wrapped about the coordinate X0 with xed spatial
separation r, the closed worldlines of static semi-classical heavy quark and antiquark, joined by a stretched open
string of length r2<<α
0, a stable I0 flux tube in the presence of F10 RR-flux [15]. The pair correlation function
of Wilson lines with small spatial separation can be represented as an open string path integral, as was shown in
[16,17]. The short distance behavior is dominated by the shortest thermal open string, or the n=1 mode, the leading
contribution in the l!1 expansion of the integrand given in [17]. The separation r varies with the external eld,
F09, and the result for arbitrary β is the static potential (compare with [17]):

















For (r/pi(2α0)1/2)β>>βH , we can expand in a power series in (
2pi2α′β2H
r2∗β2
). The leading correction of O(1/β2r3) to an
inverse power law is repulsive. For (r/pi(2α0)1/2)β<<βH , the potential approaches a constant independent of r. The
crossover between these behaviors occurs at β2c =2pi2α0β2H/r
2, where the potential is a precise inverse power law. The
transition temperature, Tc=rTH/(2α0)1/2pi, is lower than the Hagedorn temperature. We are led to infer a second-
order phase transition to the conning regime β<<βc along a critical boundary in the two-parameter phase space,
(r, β). Note that the F10 flux connement scale r is a measure of the string coupling, or dilaton gradient [15], so
that the two-parameter phase space corresponds, roughly, to the familiar (gY M , β) phase space of nite temperature
gauge theory. This motivates the challenging task of deciphering a possible map to the two-parameter phase diagram
of the critical Ashkin-Teller model beyond the correspondence observed earlier along the critical line at xed (spin
model) inverse temperature [9], identifying theories in the same universality class.
Our results suggest that the self-dual non-abelian gauge theories embedded in renormalizable string theories exhibit
second order deconnement phase transitions. The phase boundary separating the conned and deconned phases
appears to intersect the g=0 axis at nite non-zero temperature Tc (compare with [6]). It has long been suspected
that the deconnement transition is washed out upon introduction of matter fermions in the gauge theory [5,6]. It
would be extremely interesting to nd direct evidence through an extension of our string analysis to thermal gauge
theories with matter, and on Dpbranes with p<9. The necessary techniques are a straightforward extension of this
work.
Finally, we note that a β!β2H/β transformation maps the contribution of the n=1 mode to that of the w=1
winding mode in the ~I0 theory, wrapping the ~X0 interval. The temporal Wilson loops have been mapped to points in
the thermal D8brane stack at ~X0=0, a \stuck" semi-classical heavy quark-antiquark pair. Thus, the high-temperature
behavior of the pair correlator of temporal Wilson loops has been mapped to the low-temperature behavior of the pair
correlator of localized objects in the gauge theory, and vice versa. This intriguing correspondence deserves further
study.
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